We give an O(g 1/2 n 3/2 + g 3/2 n 1/2 )-size extended formulation for the spanning tree polytope of an n-vertex graph embedded on a surface of genus g, improving on the known O(n 2 + gn)-size extended formulations following from Wong [11] and Martin [7] .
Introduction
Let P ⊆ R d be a polyhedron. An extension of P is any polyhedron Q ⊆ R e such that P = π(Q) for some affine map π : R e → R d . The size of an extension is defined as its number of facets. The extension complexity xc(P ) is the minimum size of an extension of P .
An extended formulation of P is a linear system Ax+By b, Cx+Dy = d in variables x ∈ R d and y ∈ R k such that P = {x | ∃y : Ax + By b, Cx + Dy = d}. The size of an extended formulation is defined as its number of inequalities (notice that equalities are ignored when one measures the size of an extended formulation). It is well-known that the concepts of extension and extended formulation are interchangeable: a size-r extension implies a size-r extended formulation, and conversely. Now, let G = (V, E) be a connected (simple, finite, undirected) graph. For S ⊆ V , we denote by E(S) the set of edges of G with both endpoints in S. We use χ S to denote the characteristic vector of S. That is, χ S ∈ {0, 1} V is the vector such that χ S v = 1 if and only if v ∈ S. Similarly, we use χ F to denote the characteristic vector of F ⊆ E.
We denote by P sp.trees (G) := conv{χ T | T ⊆ E spanning tree of G} the spanning tree polytope of G. Below, we make use of the subgraph polytope of G, defined as
We also make use of its variant, the non-empty subgraph polytope of G, defined as
is nothing else than the convex hull of the vertices of P sub (G) distinct from the origin (0 E , 0 V ).
The following result gives the best known upper bound on the extension complexity of the spanning tree polytope for general graphs, and is due to Wong [11] and Martin [7] . Theorem 1. For every connected graph G = (V, E), xc(P sp.trees (G)) = O(|V | · |E|).
Conforti, Kaibel, Walter and Weltge [2] proved that the extension complexities of the spanning tree and non-empty subgraph polytopes are essentially equal, see the next section for more details.
Proposition 2. For every connected graph G = (V, E), xc(P sp.trees (G)) = xc(P sub (G)) + Θ(|E|).
Let S be a surface. By the classification theorem for surfaces, S is homeomorphic to a sphere with g handles, or a sphere with g crosscaps, for some g. We call g the genus of S. Our main result is an improvement of Theorem 1 for graphs embedded on a surface of genus g. Theorem 3. For every connected graph G = (V, E) embedded on a surface of genus g, we have xc(P sub (G)) = O(g 1/2 |V | 3/2 + g 3/2 |V | 1/2 ) and thus, by Proposition 2, also
The connectivity assumption is of course not necessary here. We consider connected graphs because we prefer to talk about the spanning tree polytope instead of the spanning forest polytope.
For other polytopes, smaller extended formulations have also been obtained when restricting to graphs of bounded genus. For example, Gerards [5] proved that the perfect matching polytope has a polynomial-size extended formulation for graphs embedded on a fixed genus surface. This is in stark contrast to the situation for general graphs, where Rothvoß [8] showed that the perfect matching polytopes of complete graphs have exponential extension complexity.
LP Duality and the Non-empty Subgraph Polytope
The following result is also due to Martin [7] , and is the key to his proof of Theorem 1. We borrow the presentation from Weltge [9] .
Proposition 4. Given a nonempty polyhedron Q and γ ∈ R, let
If Q = {y | ∃z : Ay + Bz b, Cy + Dz = d}, then we have that
and hence xc(P ) xc(Q) + 1.
Observe that Edmonds' description of the spanning tree polytope [4] can be rewritten in terms of the non-empty subgraph polytope. Below, for y ∈ R E and F ⊆ E, we let y(F ) := e∈F x e . Similarly, for z ∈ R V and S ⊆ V , we let z(S) := v∈S z v .
By Proposition 4, every extended formulation of the non-empty subgraph polytope yields one of the spanning tree polytope and moreover xc(P sp.trees (G)) = xc(P sub (G))+O(|E|). It turns out that we also have xc(P sub (G)) = xc(P sp.trees (G))+O(|E|), thanks to the obvious (because based on a totally unimodular constraint matrix) O(|E|)-size linear description
and to the following result of Conforti, Kaibel, Walter and Weltge [2] .
Theorem 5. For all connected graphs G = (V, E),
Summing up, we have xc(P sp.trees (G)) = xc(P sub (G)) + Θ(|E|), as stated in Proposition 2.
Planar Graphs
Williams [10] proved that the spanning tree polytope of a planar graph has a linear-size extended formulation.
Theorem 6. For every connected planar graph G = (V, E), we have xc(P sp.trees (G)) = O(|V |).
By Proposition 4 and Theorem 5, William's theorem implies the existence of a linearsize extended formulation for the non-empty subgraph polytope of the same planar graph.
We give this extended formulation below, together with a proof that is hopefully illuminating. We assume that G is a 2-edge-connected graph embedded in the plane. This is without loss of generality since if edge e is a bridge of G, then it is contained in every spanning tree of G. Hence we can easily reduce to the 2-edge-connected case.
Let Figure 1 for an illustration. Figure 1 : Left, overlaying G (white vertices) and its dual G * (dark vertices). Right, adding the crossings to obtain the final graph G × . Now select in G a root vertex v 0 and root face f 0 that is incident to the root vertex. In addition to y e (e ∈ E) and z v (v ∈ V ), the extended formulation uses one variable λ c for each crossing c, one variable λ v for each vertex v = v 0 and one variable λ f for each face f = f 0 . Thus there is one extra variable for each vertex of G × − v 0 − f 0 . By Euler's formula, there are exactly 2|E| extra variables λ i . In addition to the inequalities describing the subgraph polytope, the extended formulation has one inequality per edge of G × − v 0 − f 0 and a single additional inequality. We think of the former ones as installing some demands on the edges of G × − v 0 − f 0 , where the demand on the edge cv is set to y vw , where w is the other vertex of G adjacent to the crossing c, and the demand on the remaining edges is zero.
Proposition 7.
For all 2-edge-connected plane graphs G = (V, E), and all choices of root vertex v 0 and incident root face f 0 , we have:
(1)
Proof. Let Q(G) denote the right-hand side of (1). We wish to prove that Q(G) = P sub (G). First, we prove that Q(G) ⊆ P sub (G). Let (y, z) ∈ Q(G). By Theorem 5, it suffices to show that y(T ) z(V ) − 1 whenever T is a spanning tree of G. We can find a perfect matching M in G × − v 0 − f 0 with the following property. Let vw be an edge of G, let f g denote its dual edge, and let c = c(vw) = c(f g) denote their crossing. Whenever vw ∈ T , we require that c is matched either to v or w. Otherwise, we require that c is matched either to f or g. Such a matching can be found by orienting T to an out-tree with root v 0 , and its dual tree T * to an out-tree with root vertex f 0 , and then using the orientation to define the mate of each crossing c in the matching.
By summing the inequalities in the description of Q(G) corresponding to the edges of M , we find
Second, we prove that P sub (G) ⊆ Q(G). Let (y, z) = (χ F , χ S ) be a vertex of the non-empty subgraph polytope. We claim that one can choose λ ∈ {−1, 0, +1} 2|E| in such a way to guarantee (y, z) ∈ Q(G). 
where the second equality follows from Euler's formula. We conclude that (y, z) ∈ Q.
Case 2: v 0 / ∈ S. Without loss of generality, assume that f 0 is the outer face of G and consider the plane graph G[S]. LetG be the plane graph obtained from G by getting rid of all vertices and edges intersecting the outer face of G[S] and keeping the remaining vertices and edges. In particular, v 0 is not a vertex ofG because it is incident to f 0 in G. We denote byṼ ,Ẽ andṼ * the set of vertices, edges and faces ofG. Notice thatG contains each vertex of S and that each face ofG distinct from the outer face is a face of G.
We let λ c := +1 for each crossing c = c(vw) where v, w ∈Ṽ , λ f := −1 for each face f ∈Ṽ * distinct from the outer face, λ v := −1 for each vertex v ∈Ṽ − S. All other components of λ are set to 0. Again, all inequalities corresponding to edges of G × −v 0 −f 0 are satisfied by λ.
Finally,
where the inequality might be strict ifG is not connected. We again conclude that (y, z) ∈ Q(G).
Beyond Planar Graphs
Using Balas' union of polyhedra [1] , we have the following easy observation.
Proposition 8. Let G = (V, E) be a connected graph and X ⊆ V be a nonempty set of vertices. Then
We say that a graph G is k-apex if there is a set X ⊆ V (G) with |X| ≤ k such that G − X is planar. By combining Proposition 2, Theorem 6 and Proposition 8, we have the following theorem.
Note that if k is fixed, then xc(P sp.trees (G)) = O(|V |) for a k-apex graph G, and this matches the bound for planar graphs. The last ingredient to prove Theorem 3 is the following result of Djidjev and Venkatesan [3] . The same result for orientable surfaces was obtained earlier by Hutchinson and Miller [6] .
Lemma 10. For every graph G = (V, E) embedded on a surface of genus g, there exists a set X of O( g|V |) vertices such that G − X is planar.
Let G = (V, E) be a graph embedded on a surface of genus g. By combining Proposition 2, Theorem 6, Proposition 8, Lemma 10, and the upper bound |E| = O(|V |+g) (by Euler's formula), we obtain Theorem 3.
Notice that if the genus g is fixed, Theorem 3 yields a O(|V | 3/2 )-size extended formulation. This gives an improvement over Theorem 1 for all fixed g. For instance, for toroidal graphs we obtain a O(|V | 3/2 )-size extended formulation, while the known extended formulations are of size Ω(|V | 2 ).
We conjecture that the bound in Theorem 3 can be improved to match the corresponding bound for planar graphs. Conjecture 1. If G = (V, E) is a connected graph embedded on a fixed surface, then xc(P sp.trees (G)) = O(|V |).
Indeed, the same bound may even hold for proper minor-closed families of graphs.
Conjecture 2. If C is a proper minor-closed family of graphs and G = (V, E) is a connected graph in C, then xc(P sp.trees (G)) = O(|V |).
